We calculate the vector and axial-vector current correlators in the coordinate space and compare them with the experimental information obtained through the spectral functions of hadronic τ decays measured by ALEPH. Lattice data are obtained with 2+1 Möbius domain-wall fermions at three lattice spacings 0.044, 0.055 and 0.080 fm and the continuum limit is taken. The correlators calculated on the lattice after extrapolating to the physical point agree with those converted from the ALEPH data.
Introduction
Current correlators provide a rich source of information on the QCD vacuum. Their characteristics vary depending on the distance between the currents. Correlators at short distances behave perturbatively providing the information on the strong coupling constant, while those at long distances are saturated by the ground state reflecting the individual mass spectrum and decay constant. In the middle distances between perturbative and non-perturbative regimes, on the other hand, perturbative approaches and low-energy effective theories are no longer suitable to analyze correlators.
Lattice calculation is useful to calculate current correlators at any distances. So far, lattice calculation of current correlators has been aimed mainly at long distances to extract hadron masses and decay constants and shown the agreement with experiments. This agreement supports the consistency between experiments and QCD at low energies, where contributions of excited states are missing and only a part of QCD can be seen. Comparison of lattice correlators at short and middle distances with experimental observables may provide a test of the consistency between experiments and QCD at higher energies corresponding to the excited states.
The vector and axial-vector current correlators are useful for such analysis because they can be compared to the experimental observable in hadronic τ decays through the dispersion relation. The early ALEPH data [1, 2] of the τ decay experiment were converted to the vector and axial-vector correlators [3] and the result was used to test the consistency with a quenched lattice calculation at a single lattice spacing [4] .
With unquenched lattice simulations and updated ALEPH data [5] , we perform a more realistic calculation. Numerical simulations are carried out using 2 + 1-flavor Möbius domain-wall fermions on 32 3 × 64, 48 3 × 96 and 64 3 × 128 lattices at the lattice spacings a = 0.080, 0.055 and 0.044 fm, respectively. Pion masses on our ensembles are 500, 400, 300 and 230 MeV. We show the extrapolation to the physical pion mass and continuum limits agrees with the ALEPH data.
This analysis is done as a part of our studies on current correlators at short and middle distances to investigate what kinds of information of QCD we can extract from them. In these studies, we have determined renormalization factors of quark currents [6] and the chiral condensate [7] .
Current correlators
We calculate the vector and axial-vector current correlators
where the vector and axial-vector currents V (x) and A(x) are iso-triplet. Since the spectral functions obtained through hadronic τ decays are related to the spin-1 contribution of the correlators, we subtract from the axial-vector channel the spin-0 part estimated as the contribution of the ground state pion Π (0)
where K 1 stands for the modified Bessel function and z 0 and M π are extracted from the zero-momentum correlator of the axial-vector current,
The vector channel does not need any modification due to the absence of the spin-zero part in the isospin limit. We subtract the discretization effect at the mean field level. The detail is explained in [6] . These correlators are related to the experimentally measured spectral functions ρ V /A (s) through the dispersion relation [3] 
The hadronic τ decay experiment provides the spectral functions ρ V /A (s) at invariant masses smaller than the τ lepton mass, s < m 2 τ . We use the latest ALEPH data ρ V /A (s) of the τ decay experiment [5] in this region. In the region s > m 2 τ , we calculate ρ V /A (s) using perturbation theory available to order α 4 s [8] and a model [9] to take account of the violation of the quark-hadron duality [10, 11] .
Lattice vs Experiment
We compare correlators on the lattice with those obtained from the experimental data for the sum and difference R V ±A (x) = (Π V (x) ± Π A (x))/2Π 0 (x) normalized by the vector correlator in massless free theory Π 0 (x). The V + A channel contains the perturbative contribution, which dominates at short distances. The V − A channel consists only of the effects of the spontaneous chiral symmetry breaking.
First, we focus on the V + A channel. Figure 1 shows the results of R V +A (x) calculated on the ensembles at a = 0.055 fm and three different pion masses. The results at smaller masses are closer to the experimental result (band), implying that the chiral extrapolation to the physical pion mass makes them close to the experimental data. Figure 2 shows the result at matched pion mass M π ≃ 300 MeV and at different lattice spacings. There is a significant dependence on the lattice spacing, which can be controlled by a term ∝ a 2 at middle and long distances.
We extrapolate these lattice results to the physical point, i.e. the continuum limit a → 0 and physical pion mass limit M π → m π ≃ 140 MeV as follows. We divide the range of |x| into N bins, where x i and δ x are the center of the ith bin and one half of the width of bins, respectively. For each bin, we define R V +A (a, M π , x i ) as an average of R V +A (x) over the lattice points falling in B i . We then perform a global fit for all ensembles using the fit function Figure 3 shows the result of the extrapolation. Here, we take δ x = 0.01 fm for x i ≥ 0.4 fm and δ x = 0.02 fm for x i < 0.4 fm. After such an extrapolation, the lattice results are consistent with the experimental data at |x| ∼ 0.3 fm and longer. At even shorter distances, we find deviations from the perturbative and experimental results, which suggest that the discretization effects beyond O(a 2 ) are significant. In fact, the coefficient c a,i rapidly increases toward the short-distance region. Next, we show the lattice results for the V − A channel. Figure 4 shows the lattice data for R V −A (x) at a = 0.055 fm and three different pion masses. R V −A (x) vanishes in the short-distance limit as it should be. Actually it is guaranteed by the good chiral symmetry of Möbius domain-wall fermions. At short distances (|x| 0.5 fm), the dependence on the pion mass is clearly seen and the results at smaller masses are closer to the experimental result. In Fig. 5 , which shows the data at the matched pion mass M π ≃ 300 MeV and three different lattice spacings, no significant dependence on the lattice spacing is seen at least at short distances unlike the case of the V + A channel. One possible reason for this is that the most of discretization effect on correlators at short distances is perturbative and cancelled for the V − A channel. Figure 6 shows the result of the extrapolation to the physical point, which is done in the same manner as for the V + A channel. A good agreement with the ALEPH data is found.
We also investigate the region of |x| where perturbative approaches give reliable predictions. Figure 6 also shows a rough prediction of the Operator Product Expansion (OPE) [12] at dimension-four (dotted curve) and dimension-six (dashed curve) operators. The OPE truncated at the dimension-four underestimates the lattice data already at 0.3 fm. The OPE including dimension-six operators also disagrees with the lattice result in |x| > 0.3 fm. It indicates that the OPE of R V −A (x) is useful in the limited region |x| < 0.3 fm. Figure 7 shows the decomposition of R V (x) = Π V (x)/Π 0 (x) from the experiment into the contributions of the spectral function in several divided regions of s. Since the non-perturbative contribution is substantial or even dominant at |x| 0.5 fm, the correlator calculated perturbatively in such a region may not be precise. The axial-vector channel also has a similar decomposition.
